The additivity with respect to exact sequences is notoriously a fundamental property of the algebraic entropy of group endomorphisms. It was proved for abelian groups by deeply exploiting their structure. On the other hand, a solvable counterexample was recently found, showing that it does not hold in general. Nevertheless, we give a rather short proof of the additivity of the algebraic entropy for locally finite groups that are either quasihamiltonian or F C-groups.
Introduction
In analogy with the measure entropy by Kolmogorov [24] and Sinai [35] , Adler, Konheim and McAndrew [1] investigated the topological entropy for continuous selfmaps of compact spaces. They also introduced the algebraic entropy for endomorphisms of discrete abelian groups, that was gradually developed by Weiss [40] and Peters [30] . More recently, it was thoroughly described for torsion abelian groups by Dikranjan, Goldsmith, Salce and Zanardo [12] , and for abelian groups in [5] , where a connection was pointed out with Lehmer Problem from number theory. This is based on the so-called Algebraic Yuzvinski Formula: the algebraic entropy of an endomorphism φ of Q k coincides with the Mahler measure of the characteristic polynomial of φ over Z (see [18, 19] -see [25, 43] for the Yuzvinski Formula concerning the topological entropy).
In [6] the definition of algebraic entropy was extended to all group endomorphisms and all basic properties were verified. Moreover, a close connection was pointed out between the algebraic entropy and the classical growth theory of finitely generated groups due to Milnor [26] , Gromov [22] , Grigorchuk [21] , etc. (see also [9] ). In [5, 16, 17] various results were given on the growth of group endomorphisms; at the moment, the main result in this context is the counterpart of Milnor-Wolf Theorem for endomorphisms of elementary amenable groups.
In another direction the algebraic entropy was recently extended to left actions of cancellative right amenable semigroups on abelian groups in [4] (see also the work of Virili [38] with applications to Kaplansky's Stable Finiteness Conjecture and Zero-Divisors Conjecture). Moreover, we refer the interested reader to [15, 31, 37, 41] for results on the algebraic entropy for continuous endomorphisms of locally compact groups, and to [7, 10, 14, 39, 40] for the connection of the algebraic entropy with the topological entropy via Pontryagin duality. Now we give the definition of algebraic entropy in the setting we are interested in, that is, for group endomorphisms. Let G be a group and φ ∈ End(G). For every non-empty subset X of G let T 0 (φ, X) = {1} and, for all n ∈ N + , let
(1.1)
Denote by P(G) the power set of G and let P f in (G) = {X ⊆ G | X is finite and non-empty}.
If X ∈ P f in (G), then T n (φ, X) ∈ P f in (G) for every n ∈ N, and if 1 ∈ X, we have an increasing chain, that is,
the function defined by ℓ(X) = log |X| for every X ∈ P f in (G) and ℓ(X) = ∞ for every infinite X ∈ P(G).
If X ∈ P f in (G), then the limit
exists and H(φ, X) = inf n∈N ℓ(Tn(φ,X)) n (see [6, Lemma 5.1.1]); in particular, H(φ, X) is finite and it is called the algebraic entropy of φ with respect to X. The algebraic entropy of φ is
Consider the category of algebraic dynamical systems, that has as objects the pairs (G, φ) with G a group and φ ∈ End(G), and as morphisms between objects (G, φ) and (H, ψ) the group homomorphisms ξ : G → H such that ψξ = ξφ. The algebraic entropy is an invariant of this category, meaning that isomorphic algebraic dynamical systems have the same algebraic entropy: if G and H are groups, φ ∈ End(G) and ψ ∈ End(H), and there exists an isomorphism ξ : G → H such that ψ = ξφξ −1 , then h(φ) = h(ψ) (see [6] ).
A fundamental property of the algebraic entropy, as well as of other entropy functions in mathematics, is the so-called Addition Theorem: Definition 1.1. We say that the Addition Theorem holds for a group G, φ ∈ End(G) and H a φ-invariant normal subgroup of G, and write that AT (G, φ, H) holds, if
We say that the Addition Theorem holds for G, and write that AT (G) holds, if AT (G, φ, H) holds for every φ ∈ End(G) and every φ-invariant normal subgroup H of G.
In [12] the Addition Theorem was proved for torsion abelian groups, deeply exploiting the structure of such groups. This result was extended to every abelian group in [11] , again making a very heavy use of the properties of abelian groups in order to reduce to the case of finite dimensional rational vector spaces, where the Algebraic Yuzvinski Formula applies. Recently, the Addition Theorem from [12] was extended also to left actions of cancellative right amenable monoids on torsion abelian groups in [4] . Since an endomorphism of an abelian group G induces on G the structure of a Z[x]-module, and viceversa, one can consider the algebraic entropy as an invariant of the category of Z[x]-modules. So, the importance of the Addition Theorem comes also from the fact that, together with the property of being continuous with respect to direct limits, it implies that the algebraic entropy is a length function of the category of Z[x]-modules in the sense of Northcott and Reufel [28] and Vámos [36] (see [11] for the details on this connection, and see also [33] ).
On the other hand, an example was given in [16] of a solvable group G for which AT (G) does not hold true. For example, take G to be the Lamplighter group G = Z
Indeed, the identity map of an abelian group has always zero algebraic entropy, while a (finitely generated) group G has exponential growth precisely when h(id G ) = ∞ (see [6, 11, 16] for more details).
Nevertheless, it would be relevant to understand for which non-abelian groups G we have that AT (G) holds. For example, the conjecture that AT (G) holds for every nilpotent group G is still open.
In this paper we are interested in the following conjecture from [15, 16] , and we prove it in a particular case (see Theorem 1.4) covering recent results from [15, 41] as well as the Addition Theorem for torsion abelian groups from [12] .
First of all note that in the class of locally finite groups the computation of the algebraic entropy becomes more comfortable. Indeed, denoting by
the family of all finite subgroups of a group G, we have that G is locally finite precisely when F (G) is cofinal in P f in (G) with respect to the order given by the inclusion. So, for a locally finite group G and φ ∈ End(G), we have that (see
This means that we can use only the finite subgroups of G to compute the algebraic entropy of φ.
In addition we will need also that each T n (φ, F ) is a subgroup of G for every F in a cofinal subfamily of F (G). For this reason we will introduce the groups in Definition 1.3.
We start recalling a notion due to Ore [29] , that is, a subgroup H of a group G is permutable if HK = KH for every subgroup K of G; in other words, HK is a subgroup of G for every subgroup K of G. Moreover, a group G is quasihamiltonian if all its subgroups are permutable; the quasihamiltonian groups are called also Iwasawa groups as the structure of quasihamiltonian groups was described by Iwasawa [23] (some gaps in the proof were filled by Napolitani [27] ).
Since for the computation of the algebraic entropy in locally finite groups we are concerned with finite subgroups, we need only the milder condition in Definition 1.3. For a group G, let
Clearly, if G is a quasihamiltonian group, then F C (G) = F (G); hence, every quasihamiltonian group is finitely quasihamiltonian.
The converse is not true (e.g, Q/Z × F 2 , where F 2 is the non-abelian free group with two generators, is finitely quasihamiltonian but not quasihamiltonian).
Clearly, every torsion finitely quasihamiltonian group is locally finite. Another class of groups with this property is that of F C-groups, that is, groups in which each element has only finitely many conjugates. Indeed, by [32, Theorem 14.5.8 ], a group G is a torsion F C-group if and only if G is locally finite and normal, that is, every finite subset of G is contained in a normal finite subgroup of G: in other words, the family of all finite normal subgroups of a group G, which is contained in F C (G), is cofinal in P f in (G). Therefore, every torsion F C-group is finitely quasihamiltonian.
We summarize the relations among the classes of locally finite groups defined by the above mentioned properties in the following diagram. See Example 2.1 for examples witnessing that all inclusions are proper.
(2)
(1) Locally finite groups.
(2) Finitely quasihamiltonian locally finite groups.
(3) Quasihamiltonian locally finite groups.
(4) Torsion F C-groups.
(5) Torsion abelian groups.
Going back to the algebraic entropy, we see that in the class of finitely quasihamiltonian locally finite groups we can compute the algebraic entropy more easily than in the whole class of locally finite groups. Indeed, for a quasihamiltonian locally finite group G, we have that F C (G) is cofinal in P f in (G), so, for φ ∈ End(G), we can compute (see Remark 2.3)
Our main result is the following Addition Theorem for locally finite groups that are finitely quasihamiltonian. Theorem 1.4. If G is a finitely quasihamiltonian locally finite group, then AT (G) holds.
Its proof is divided in the proof of two inequalities. The easier one (see Proposition 2.5) is given in Section 2, where we also show useful properties of finitely quasihamiltonian locally finite groups for the computation of the algebraic entropy. The proof of the second inequality (see Proposition 3.5) is based first of all on the passage from the sequence (ℓ(T n (φ, X))/n) n∈N , used in (1.2) for the definition of algebraic entropy, to its subsequence (ℓ(T 2 n (φ, X))/2 n ) n∈N , which turns out to be decreasing (see Proposition 3.1). Moreover, in Section 3, we use the auxiliary function ℓ(−, −) introduced in [4] in a much more general context.
The following is a direct consequence of Theorem 1.4.
Corollary 1.5. If G is a locally finite group which is either an F C-group or quasihamiltonian, then AT (G) holds.
Clearly, this result extends a consequence of [15, Corollary 7.2] stating that AT (G, φ, H) holds for every torsion F C-group G, every φ ∈ End(G) and every φ-invariant normal subgroup H of G with φ ↾ H surjective andφ G/H injective. Moreover, it extends one of the main results from [41] , namely, that AT (G) holds for every locally finite group G which is a quasihamiltonian F C-group. Indeed, Theorem 1.4 covers the family (2) in the above diagram, and Corollary 1.5 the union of (3) and (4), while the result from [15] concerns the groups in (4) and the result from [41] the groups in the intersection of (3) and (4).
The validity of the Addition Theorem for the class (5) corresponds to the above mentioned result from [12] :
Corollary 1.6. If G is a torsion abelian group, then AT (G) holds.
We underline that the proof of Theorem 1.4 presented in this paper was inspired by ideas contained in [4] . Moreover, it is much shorter and simpler than that in [12] , and it follows a different path. The proofs of the mentioned results from [15] and [41] use a third different approach inspired by that in [2, 3, 20, 34], based on the so-called Limit-free Formula (see [2, 8, 13, 42] ). In particular we see that not all locally finite groups are finitely quasihamiltonian.
Example 2.1. (a) The quaternion group Q 8 is non abelian, but it is a quasihamiltonian torsion F C-group. This means that (5) is properly contained in the intersection of (3) and (4).
(b) All finite groups are torsion F C-groups, that is, the class of finite groups is contained in (4). In particular, the symmetric group S 3 is in (4), but it is not in (3) as it is not quasihamiltonian.
(c) In [41] the following example was given of a quasihamiltonian locally finite group H that is not an F C-group; this means that H is in (3), but it is not in (4) .
where α is the action of Z 3 on Z N 9 defined, for every x ∈ Z 3 and every a ∈ Z N 9 , by α(x)(a) = 4 x a. Since H is a non-abelian 3-group that satisfies [23, Theorem 3], so H is quasihamiltonian; but H ′ is infinite and so H cannot be an F C-group by [41, Proposition 2.8].
(d) As a consequence of the previous items, the group S 3 × H is a finitely quasihamiltonian locally finite group which is neither an F C-group nor quasihamiltonian. So, the union of (3) and (4) is properly contained in (2).
(e) The finitary symmetric group S f in (N + ) is locally finite but not finitely quasihamiltonian. So, (2) is properly contained in (1).
In fact, S f in (N + ) = n∈N+ S n , where S n = {σ ∈ S f in (N) | supp(σ) = {1, . . . , n}}, so S f in (N + ) is locally finite. Now assume that, for a fixed n ∈ N with n > 1, there exists H ∈ F C (S f in (N + )) that contains S n . Since H is finite, there exists m ∈ N + such that H ⊆ S m . Consider the cyclic subgroup N = τ , where τ = (n m + 1). Since H ∈ F C (S f in (N + )), we have that HN = N H, and so there exists σ ∈ H such that (1 n m + 1) = (1 n)τ = τ σ. We conclude that necessarily σ(1) = m + 1, but this is absurd because σ ∈ H ⊆ S m .
The next proposition in particular shows that the class of finitely quasihamiltonian locally finite groups is stable under taking subgroups and quotients. The technical conditions will be useful in the computation of the algebraic entropy with respect to Remark 2.3. Proposition 2.2. Let G be a finitely quasihamiltonian group and H a subgroup of G. Then:
and in particular G/H is finitely quasihamiltonian.
Fix F ∈ F C (G) and E ∈ F (H). Then E ∈ F (G) and therefore EF = EF . Since E ⊆ H, it is straightforward to verify that also (F ∩ H)E = E(F ∩ H). Hence, F ∩ H ∈ F C (H). (b) First note thatF C (G/H) is cofinal in F (G/H). Indeed, letF ∈ F (G/H). Since G is locally finite, there exists F ∈ F (G) such that π(F ) =F . Since G is finitely quasihamiltonian, there existsF ∈ F C (G) such that F ⊆F , and sō F ⊆ π(F ).
It remains to show thatF
Since G is locally finite, there exists E ∈ F (G) such that π(E) =Ē. Therefore, F E = EF , and so π(F )Ē =Ēπ(F ). Hence, π(F ) ∈ F C (G/H).
We recall a useful basic property of the algebraic entropy that allows us to compute the algebraic entropy taking in account cofinal subfamilies of P f in (G) (e.g., F C (G) when G is finitely quasihamiltonian and locally finite). Remark 2.3. Let G be a group and φ ∈ End(G). The function H(φ, −) : P f in (G) → R ≥0 is non-decreasing, that is, if X, X ′ ∈ P f in (G) and X ⊆ X ′ , then H(φ, X) ≤ H(φ, X ′ ). Therefore, if F is a cofinal subfamily of P f in (G) with respect to the inclusion, then h(φ) = sup{H(φ, X) | X ∈ F } .
Next we see that, fixed φ ∈ End(G), for every F ∈ F C (G), each T n (φ, F ) is a subgroup of G.
Lemma 2.4. Let G be a group, φ ∈ End(G) and F ∈ F C (G). Then for all n, m ∈ N
Consequently, T n (φ, F ) is a subgroup of G for all n ∈ N.
Proof. Since F ∈ F C (G) we have that F φ k (F ) = φ k (F )F for all k ∈ N. Therefore, fixed m and n ∈ N with n ≤ m,
To prove the second assertion, we proceed by induction. For n ∈ {0, 1} the assertion is verified. Suppose that T n (φ, F ) is a subgroup of G for some n ∈ N + ; then, by the first part of the lemma,
and so T n+1 (φ, F ) is a subgroup of G. Since π(T n (φ, B)) = T n (φ G/H , π(B)) = T n (φ G/H , C), the exact sequence
gives rise, for every n ∈ N, to the sequence
where all are subgroups in view of Lemma 2.4. As T n (φ↾ H , A) ⊆ ker(π↾ Tn(φ,B) ), we have that ℓ(T n (φ↾ H , A) + ℓ(T n (φ G/H , C)) ≤ ℓ(ker(π↾ Tn(φ,B) )) + ℓ(T n (φ G/H , C)) = ℓ(T n (φ, B)) .
Dividing by n and taking the limit, we conclude that
Since E, F ∈ F C (G) where chosen arbitrarily, and in view of Proposition 2.2 and Remark 2.3, we get the thesis.
Proof of the Addition Theorem
We start showing that in order to compute the algebraic entropy H(φ, X) we can choose the suitable subsequence (ℓ(T 2 n (φ, X))/2 n ) n∈N of (ℓ(T n (φ, X))/n) n∈N , which is decreasing. Proposition 3.1. Let G be a group, φ ∈ End(G) and X ∈ P f in (G) with 1 ∈ X. Then: (a) the function n → ℓ(T 2 n (φ, X)) 2 n is decreasing;
Proof. (a) Let n ∈ N. Since T 2 n+1 (φ, X)) = T 2 n (φ, X)φ 2 n (T 2 n (φ, X)), we have that ℓ(T 2 n+1 (φ, X)) = ℓ(T 2 n (φ, X)φ 2 n (T 2 n (φ, X))) ≤ ℓ(T 2 n (φ, X)) + ℓ(φ 2 n T 2 n (φ, X)) ≤ 2ℓ(T 2 n (φ, X)) .
Dividing both sides by 2 n+1 , we obtain ℓ(T 2 n+1 (φ, X)) 2 n+1 ≤ ℓ(T 2 n (φ, X)) 2 n .
(b) Since (ℓ(T 2 n (φ, X))/2 n ) n∈N is a subsequence of (ℓ(T n (φ, X))/n) n∈N , by (1.2) we have that
where the last equality holds by item (a). in other words, letting π : G → {xB | x ∈ G} be the canonical projection, we have that ℓ(X, B) = ℓ(π(X)) .
(3.1)
We collect in the following lemma the useful properties of the function ℓ(−, −). 
Proof. Since, for every n ∈ N, T n (φ G/H , π(X)) = π(T n (φ, X)), by (3.1) we have that ℓ(T n (φ G/H , π(X))) = ℓ(T n (φ, X), H) .
Now the statements in (a) and (b) follow from the latter equation and respectively from items (a) and (b) of Proposition 3.1 applied toφ G/H and π(X).
The following technical lemma is needed in the last and main proof of the paper. We choose F ∈ F C (G) in order to have that each T n (φ, F ) is a subgroup of G in view of Lemma 2.4. Lemma 3.4. Let G be a group, φ ∈ End(G), X ∈ P f in (G) with 1 ∈ X, and F ∈ F C (G). Then the function n → ℓ(T 2 n (φ, X), T 2 n (φ, F )) 2 n is decreasing.
Proof. Let n ∈ N. By Lemma 3.2(d,e), we have that
Dividing both sides by 2 n+1 , we obtain ℓ(T 2 n+1 (φ, X), T 2 n+1 (φ, F )) 2 n+1 ≤ ℓ(T 2 n (φ, X), T 2 n (φ, F )) 2 n , that concludes the proof. Now we are in position to complete the proof of Theorem 1.4 by showing that also the converse inequality with respect to that in Proposition 2.5 holds true. Moreover, by Lemma 3.2(a,b), we have that ℓ(T 2 n (φ, D)) ≤ ℓ(T 2 n (φ, D)T 2 n (φ,H 0 )) = ℓ(T 2 n (φ, D), T 2 n (φ,H 0 )) + ℓ(T 2 n (φ,H 0 )). (3.7)
Hence, by (3.6), (3.7), (3.4), and (3.5), we obtain that H(φ, D) ≤ ℓ(T 2 n (φ, D)) 2 n ≤ ℓ(T 2 n (φ, D), T 2 n (φ,H 0 )) 2 n + ℓ(T 2 n (φ,H 0 )) 2 n ≤ h(φ G/H ) + h(φ↾ H ) + 2ε .
This holds for every ε > 0 and every D ∈ F C (G), therefore we have the thesis.
